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Expressions are derived for an effective wall heat transfer coefficient useful in one-dimensional
representations of heat transport in packed beds. These expressions are obtained with two
mothematical models of a cylindrical packed bed: a partial differential model and a finite
stage model. These expressions relate the effective wall heat transfer coefficient, which is o
local coefficient, to the actual wall heat transfer coefficient and the bed diameter (and the
radial Peclet number in the partial differential model) in regions of the bed where similar tem-
perature profiles obtain. These relations involve a single dominant root of an equation charac-
teristic of the heat balance equations of each model.

From these relations, expressions for an effective thermal resistance of the bed are obtained.
For each model, this bed resistance is found to be an approximately linear function of the
bed diameter and to be rather insensitive to the actual wall heat transfer coefficient. For
each model, an approximate bed resistance is found that is not dependent upon the actual
wall heat transfer coefficient and with which the effective wall heat transfer coefficient can

be estimated with an error of less than 7%.

The rate of heat transfer through the wall of a cylindri-
cal packed bed of solids through which fluid is flowing is
often conveniently calculated with a one-dimensional
representation. Such calculations use an effective wall
heat transfer coefficient based upon some mean tempera-
ture difference. The effective heat transfer coefficient con-
sidered here is h,, a local coefficient defined in terms of
the local rate of heat flow 8¢ through a wall area ¢dx

8q(x) = huc8x [6(x) — 8.(x) 1] (1)

Equation (1) is the defining equation for h,. The coeffi-
cient is artificial because the driving force, based on a
radially averaged temperature, is artificial; experience has
shown, however, that such a coefficient is practically use-
ful. The coefficient h, may generally be expected to vary
with axial position and should reflect both the thermal
resistance at the tube wall and the radial thermal resist-
ance of the packed bed itself.

The heat flow 8g(x) in Equation (1) may be deter-
mined from the relation

3q(x) = ha c8x [8(x) e warr — 0:(x) 1 (2)

Although Equation (2) could properly be considered as
the defining equation for h., instead it is treated here as
the equation for the determination of 8g. Because the
driving force in Equation (2) is more justifiable physically
than is the driving force in Equation (1), h. is assumed
to be a fundamental parameter of the two-dimensional
models considered here; also, h, is assumed to be known
and independent of x. The effective local heat transfer co-
efficient h, is thus a function of h, and the other properties
of the bed through the relationship

Pa[8(x) — 0.(%) ] = Ra[8(x) 0t warr — 0.(x)]  (3)

One purpose of this study is to determine, starting from
Equation (8), the form of the dependence of h, on h, and
other bed parameters for two common mathematical
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models of a packed bed: the well-known partial differen-
tial model and the finite stage model (7). Design pro-
cedures and the phenomenology of heat transfer in packed
beds are not discussed here, as they are amply treated
elsewhere (I, 2, 3, 13). Thus, any dependence of h, on
the Reynolds number or the Prandil number is not con-
sidered here, for such dependence is implicit through h,
and other bed parameters. This study only investigates
certain consequences of some common definitions and
concepts concerning heat transfer in packed beds.

Considered here are two common cases in which heat
is transferred radially in a packed bed. The first case is
that in which a heated fluid, passing through a bed, loses
heat to the exterior medium which is maintained at a
constant temperature. The second case is that in which the
flux of heat through the tube wall is constant and the
temperature of the flowing fluid continually increases
down the bed. The first case is treated in some detail
here. Although Quinton and Storrow (12} have shown
the second case to have some experimental advantages in
the determination of heat transfer coeflicients, this sec-
ond case is shown here to be, in some respects, just a
limiting form of the first case.

For the first case, with constant exterior temperature
6., the analysis is facilitated by the use of dimensionless
variables and parameters, With normalized temperatures

T(x,r) = 280 — 0
8, — 6.
and dimensionless heat transfer coefficients
H,= h/Ge,, H.=h,/Ge,
Equation (3) becomes
H.T(x) = H.T.(x) (4)

Here, the temperature §, of the entering fluid is assumed
to be uniform across the radius.

November, 1965



Although the effective heat transfer coefficient H, gen-
erally may be dependent upon axial position, H, easily is
shown to be independent of x for regions of the bed in
which temperature profiles are similar; that is, for regions
in which temperature can be represented by

T(x,7) = r.(x) - 7.(r)

where 7, is a function of x only and -, is a function of r
only. Similar temperature profiles are not an assumption
in this derivation; rather, the solutions of heat balance
equations show that temperature profiles are approxi-
mately similar beginning at about three or four tube diam-
eters from the inlet of the packed bed. The derivation of
the behavior of H, applies to these regions of temperature
similarity.

The total resistance to heat flow in the radial direction
1/H, may be considered as the sum of two thermal re-
sistances: the resistance to heat flow at the wall (1/H,)
and a resistance to heat flow radially through the bed.

1 1
. =R4 —
H, +H, (5)

This equation is the defining equation for R, the local
radial thermal resistance of the bed, hereafter called the
bed resistance. The concept of this bed resistance is arti-
ficial because it is associated with an artificial driving
force [#(x) — 6(x)uc wanr] and the bed resistance gen-
erally depends upon H.. The present analysis shows, how-
ever, that R is not strongly dependent upon H., and that
R can be satisfactorily replaced with an approximate value
that is not dependent on H..

The present relations for H, and R are developed partly
to estimate the local rates of heat loss with only one-di-
mensional representations of packed beds. Determination
of local rates of heat loss are particularly important for
packed bed chemical reactors. Similar temperature pro-
files are not generally found in such reactors, however, or
in packed beds in unsteady state operation. But one-di-
mensional representations can certainly be used in such
cases if it can be shown that such representations satis-
factorily describe the behavior of the packed bed. The
authors used these heat transfer coefficient relations in a
study of transients in chemical reactors (5, 6), where it
was shown that one-dimensional models were satisfactory.

On the other hand, these expressions should not be used
in design problems to estimate bed lengths or terminal
temperatures, for example; such problems are more prop-
erly treated with an overall heat transfer coefficient (13)
which is a function of tube length and which allows for
the entrance effects that have been disregarded here.

The first of the two mathematical models of a packed
bed treated here is the familiar differential model in
which the bed is treated as a continuum. Radial and axial
heat transport through the bed is treated in this model as
an effective conduction process, with constant but distinct
effective thermal conductivities in the radial and axial
directions. For this model, the heat balance is in the form
of a familiar partial differential equation.

The second model considered here is the finite stage
model proposed by Deans and Lapidus (7), in which the
packed bed is represented by a two-dimensional array of
discrete stages. Figure 1 shows schematically such an ar-
ray of finite stages and the motion of fluid among them.
These stages are perfectly stirred tanks and are ring
shaped with square cross section. The length of the cross
section is equal to the average diameter of a packing par-
ticle d,. Each stage represents a void space between a
group of contiguous particles in which turbulent fluid
mixing occurs. Heat is transported from stage to stage by

Vol. 11, No. 6

A.L.Ch.E. Journal

Md,

(a)

(b}

Fig. 1. Arrangement of stages in the finite

stage model. (a) Details of stage arrangement;

here, M = 9. (b) Arrangement of particles
upon which this model is based.

fluid motion only; thermal conduction both in the fluid
and in the solid is neglected. For this model the heat
balance is in the form of a difference equation. These
equations may be conveniently expressed in a matrix form.

The development of the expression for H, through
Equation (4) is essentially the same for each of the two
models treated here. Solution of the heat balance appro-
priate for each model reveals that H, is determined by a
single root of an equation characteristic of the heat bal-
ance. In the differential model, the characteristic equation
is a nonlinear equation that involves Bessel functions and
follows from the radial boundary conditions common to
cylindrically symmetric heat conduction problems. For
the finite stage model, the characteristic equation is the
characteristic polynomial of a matrix that represents the
stage heat balances. Determination of H, for each model
is thus reduced to the well-known problem of finding
roots. In the resulting relations for each model, H, is ex-
pressed as an explicit function of H, and a dimensionless
tube diameter M; the expression in the differential repre-
sentation includes an additional parameter, the radial
Peclet number Pe.. At small values of H,, the relation for
the differential model reduces to Beek’s correlation (2),
which holds for parabolic temperature profiles. Since the
present study establishes a more general functional rela-
tion, the results presented here should serve as a useful
extension of Beek’s work.

THE PARTIAL DIFFERENTIAL MODEL

Values of the average temperature T(x) and the fluid
temperature at the wall T. (x) required in Equation (4)
may be obtained from the solution of the heat balance for
a differential element of the cylindrical bed. For this case,
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the steady state heat balance is

1 &T 1 1 o oT oT
- r—— )J—— =0 (6)
Pe, ox or

T Pe,?r—

A radially uniform fluid velocity and constancy of fluid
properties and effective thermal conductivities are as-
sumed here. The dimensionless variables x and r express
distances in terms of d,.

The following analysis is similar to that given by Kjaer
(10). The radial boundary conditions are

1. Temperature symmetry at the axis, r = O:

]
— [T(x,7) ] =0 (7)
or

2. Continuity of heat flux at the wall, r = M/2:

L T 1) e + BT (5, M/2) =0 (8)
Pe, or
Here T(x,M/2) is T.(x), the temperature of the fluid
at the wall.

It can be shown easily that the axial boundary condi-
tions are unimportant to the correlation derived here as
long as approximately similar radial temperature profiles
are obtained in the bed; this correlation depends only on
the radial boundary conditions and the similarity of tem-
perature profiles. Therefore, for convenience, the packed
bed is assumed to be a semi-infinite bed, in which case a
boundary condition is

lim T (x,7) =0 (9)

X—> o0
And the inlet boundary condition is taken as (14)
4.

1
T(0,r) — P;z

The solution of Equation (8), subject to these four
conditions, is

—‘?-T— (0,r) =1 (10)
ox

2
° 92Bil, (-X}-,B,.) exp(pax)
wx (BE 4 B.°) (1 — pu/Pe.) 1 (Bu)

where p, is the negative root of p* — Pe,p — 4Pe.B./
MPe, = 0, B. is defined as the n™ positive root of

T(x, 1) = (11)

BJ(B) —Bil.(B) =0 (12)
and Bi is the Biot number defined by
Bi = % MPe,H, = Y% D;h./k. (13)

The Biot number is a measure of the ratio of the thermal
resistance of the bed to the thermal resistance at the wall.
It is seen that the terms B, are functions only of the di-
mensionless parameter Bi.

Substitution of numerical values (4) of the roots 8.
into Equation (11) shows that, except for a region near
the inlet, only the first term in Equation (11) is impor-
tant. Therefore, throughout most of the bed the fluid tem-
perature can be represented by

2Bi], (—12\—;-,31> exp (pix)

(Bi2 + 312) (1 - pl/Pez)]l(‘Bl)

where B, is the smallest positive root of Equation (12).
In this region the radial temperature profiles are similar,
according to Equation (14).

The radially averaged temperature is

T(x,1) = (14)
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. 8 M /2
T(x) =3 T (x, r)rdr
4B#* exp {(pix)

T (BF + B2) (L — p/Pe,) BF

Substitution of the expressions for T (x) and T(x, M/2)
in these last two equations into Equation (4) yields
_[B(B) T
H==1pe,

(15)

(16)

This equation, the goal of the preceding derivation, ex-
presses H, as an explicit function of H, and other bed
parameters. The function [B8:.(Bi)]° is shown graphically
in Figure 2. As Bi increases, B’ approaches a limiting
value, 8. = 5.783186. . ., the square of the smallest
positive root of J,. For large Bi the effective heat transfer
coefficient H, is influenced primarily by the thermal re-
sistance of the bed, which, in this case, is much greater
than the thermal resistance at the wall.

At the other extreme (low Bi), the effective heat trans-
fer coeficient H, is approximately equal to the wall heat
transfer coefficient H;. As Bi becomes very small, H, ap-
proaches Hs, and B° approaches the 45-deg. asymptote
shown in Figure 2. For small Bi the Bessel functions of
Equation (12) may be approximated with a truncated
Taylor’s series:

(3o dga) s )

(17)
The smallest root of this equation is
8Bi 2Bi
= = 18
B Bi+ 4 1 + Bi/4 (18)
With this approximation, Equation (16) yields
1 _ 1 n MPe,
H. H. 8
or, in dimensional terms
(19)
1 1 Dy
h.  h. = 8k

These equations express Beek's correlation (2). Beek de-
rived these expressions by approximating radial tempera-

i0 r T T T T T Y__}L_,
O e N
3 Eeea
2 - 1
B //’/
(R
P /4 | [l ]
&
—
‘0",0-| L P 1] ) Lt |IO | L -

B8i
Fig. 2. The function [B1(Bi)]12; B1 is the smallest positive root of
the equation 8 Ji(B) — Bi Jo(B) = 0. = [p1{Bi)]2.

= asymptotes. - - - - - = Beek’'s correlation, 2Bi/(1 +
Bi/4).
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Fig. 3. The bed resistance R of the differential model as a function
of M for selected values of Ho; here, Per = 8.

ture profiles with a parabola, which is equivalent to ap-
proximating the Bessel functions with a truncated Tay-
lor’s series which is of second degree in /.

Beek’s correlation, in the form of Equation (18), is
shown graphically as a function of Biot number in Figure
2. It is accurate for small Bi, but for large Bi it is only
qualitatively correct.

Comparison of Equations (19) and (5) shows that, for
Beek’s correlation

R = MPe./8 (for parabolic temperature profiles) (20)

For the packed bed in which the heat flux at the wall is
constant along the length of the tube, Quinton and Stor-
row (12) have shown that the radial temperature profiles
are parabolic. It is easily shown that when the radial tem-
perature profiles are parabolic, Equation (20) results, re-
gardless of how the packed bed is heated or cooled ex-
ternally.

For the temperature distribution described by Equation
(14), however, the expression for the thermal resistance
is, from Equations (5) and (186)

M Pe, 1

[ Turen)] ™

Figure 3 shows the behavior of R calculated from Equa-
tion (21) as a function of M and H, for Pe, = 8. This
graph shows that R lies within a narrow triangular region
bounded by the lines R = MPe,/8 (Beek’s correlation)
and R = MPe./B.". As M increases for any constant
value of H., R becomes a linear function of M, parallel
to the line R = MPe,/#.". The upper line represents the
case in which there is no thermal resistance at the wall
and the thermal resistance of the bed is controlling; the
lower line (Beek’s correlation) represents the limiting
adiabatic case, or, from another viewpoint, the case in
which. the external heat flux is such that the radial tem-
perature profiles are parabolic. Petersen (11) has shown
that in many cases the thermal resistarice of the bed is
controlling; in such cases, the use of Equation (20) is
inappropriate.

The fact that R is only slightly dependent upon H, sug-
gests that the bed resistance may be treated as dependent
only upon the properties of the fluid and the packing and
independent of H,. Such a bed resistance, called here R®,
is only an approximation to the “true” bed resistance R.
With a known value of H, and the approximate bed re-
sistance R®, an approximate total resistance may be cal-
culated.

R(M, Pe,, H,) =

(21)
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1 )" 1
_— = R* — 292
(% - (22)

The appropriate value of R* to use in Equation (22)
is that value which makes (1/H,)# the most accurate esti-
mate of the total resistance 1/H,. The fractional error
n for this estimate is

7= [(1/H)* — (1/H,) 1/ (1/H,) (23)

For the differential model several approximate bed re-
sistances may be considered. The use of the bed resistance
of Beek’s correlation, Equation (20), leads to very low
errors if the wall resistance is dominant; but if the bed
resistance is controlling, the use of Beek’s correlation
leads to errors of up to 27.7%. The use of R* = MPe./
B:.°, the upper limit of R, leads to a maximum error (maxi-
mum value of 4) of 8.7%. An analysis of Equation (16)
reveals that the best approximate bed resistance for the
differential model is

R* = MPe./6.133 (24)

The details of this analysis are presented in Appendix B.}
This choice for R* leads to a maximum error of only 5.7%,
which is the lowest maximum error obtainable. This best
bed resistance R® that is independent of H, is shown as a
function of M in Figure 3.

THE FINITE STAGE MODEL

The expression for H, for this model is derived in an
analogous manner beginning with the heat balance in each
stage. Heat balances are written for both the conjugate
finite stage models shown in Figures 4 and 5. In model A
(termed the even model), even numbered radial stages
(j) are associated only with even numbered rows (i) and
odd with odd. In its conjugate, model B (the odd model),
odd numbered radial stages are associated with even rows
and even with odd. Figures 4 and 5 display the stage ar-
rangements and numbering convention for the conjugate
models and show the location of the wall stages when M
is even and when M is odd. It may be noted that the
finite stage model shown in Figure 1 is only an even
model.

The temperature profiles calculated with one model
differ slightly from those of its conjugate. Since there is
no reason to prefer one model to the other, a simple aver-
age of the conjugates is taken. Thus, the radially averaged
temperature at row i is the average of the radially aver-

aged temperatures T,* and T.* of the conjugates

_ 1 _
T, = - [T4+ T.2] (25)

A heat balance at a general stage (i,§) yields
(4f - 4)T;,,~ = (27' - S)Tl—l,j—l + (2i — 1)T4—1.I+1
i=12,...;i=28,...,M—1 (28)

If i and j are both even or both odd, stage (i,f) is a stage
of the even model, model A; if either i or j is even and the
other is odd, stage (i,f) is a stage of the odd model, model
B. The coefficients of the temperatures in this equation
are proportional to the magnitude of the flows entering
and leaving each stage. Since the fluid velocity profile is
assumed. uniform, these coefficients are proportional
simply to the cross-sectional area common to two serial
stages. Deans and Lapidus (7) show that the model may

t Deposited as document 8541 with the American Documentation In-
stitute, Photoduplication Service, Library of Congress, Washington 25,
f]i). C., and may be obtained for $1.25 for photoprints or 35-mm. micro-

Im.
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easily be modified to account for radial variations in vel-
ocity.

Different balances follow for the center half-stage and
the wall stages. For the center half-stage on any row i

Tin= Tiae (27)
For the wall stage that is a whole stage on row i
(AM — 4 + 4MH)Tox = (2M — 8) T sus
+ (2M — 1)iaun  (28)
For the wall stage that is a half stage on row i
(M — 1+ 4AMH) Ty w= M — D) Tin  (29)

The terms 4MH.T:x and 4MH.T, .. in Equations (28)
and (29) represent the heat loss through the walls of
these stages in accordance with Equation (2). As above,
the fluid inlet temperature is taken as unity

To;=1 j=12...,M+1 (30)

For a given row i, Equations (26) through (29) can
be expressed in a matrix form.

T.=AT,., (31)
where
A=
(0 1 0 0 . .. )
1 0 3
— —_ 0 . . .
4 4 0
3 5
0 — 0 —
8 8
2j—3 2 —1
4—4 4—4
2M — 38 2M —1
4M — 4 + 4MH, 4M — 4 + 4MH,
0
2M —1 0
| 2M — 1 + 4MH, ]
(32)
and
T.= (Tin ) T, = ( 1
T 1
T., 1
Tow 1
ATEY. L1 )
(33)

T, is the temperature vector; its elements are tempera-
tures in all the radial stages of the conjugate models on
row i. T, is the vector which represents the temperature
of the feed stream. The matrix of coefficients A repre-
sents the heat balance at any row of the composite model.

A is a square matrix of order M + 1 with two interesting
properties,
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Fig. 4. Arrangement of stages in the conjugate finite stage models
for a case in which M is even.

First, all elements of the matrix except those on the
two diagonals adjacent to the main diagonal are zero.
This property follows from the manner in which the stages
of the model are arrayed. The zero principal and other
diagonals of A insure the complete independence of the
conjugate models; the temperature of a stage in one model
will never affect the temperature in any stage of its con-
jugate.

Second, the sum of all elements on any row of the
matrix, except the last two rows, is unity. This property
expresses the conservation of heat in that part of the bed
where temperature levels are affected by fluid mixing
only. The last two rows are influenced by the loss of heat
through the wall, and for the nonadiabatic case (H. + 0)
the sum of the elements in these rows is less than unity.
Because of this property, the absolute magnitudes of the
roots of the characteristic polynomial of this matrix in
the nonadiabatic case (H. = 0) are less than unity (9).

Equation (31) is a simple difference equation with
constant coefficients. Its solution is

T, = AT, (34)

The matrix A' is determined with Sylvester’s theorem
(8), which states that any polynomial function P(A) of
a square matrix A having distinct characteristic roots A,
can be expressed as

P(A) = 2 PODIO /P (N)  (35)

where s is the order of A. Here, P(A) is A'; thus

M4t

A= 200 TOW) /e (W)

r=l

(36)

and
M4l

Tc = 2 Art]()"‘)’]“"/(p,(>\')

r=1

(37)

WALL

MOODEL A (EVEN MODEL]

MODEL B (00D MODEC)

Fig. 5. Arrangement of stages in the conjugate finite stage models
for a case in which M is odd.
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This equation is the finite stage analog of Equation
(11) for the differential representation. In both equations
temperature is expressed as a series of exponential func-
tions of axial distance, i or x. In both cases, in regions re-
mote from the inlet of the bed (that is, ¢ or x greater than
4M), the only important term in each series is the first
term, which includes the most slowly decreasing ex-
ponential function.

In the present case, however, X, the largest character-
istic root of A, is equal in absolute value to X actually,
. = — M. This results because ¢ (\) can be expressed as
a polynomial in \°, owing to the first property of A. How-
ever, it can be shown by examples that the term contain-
ing ). in Equation (37) is negligible because the elements
of J(\;) are much smaller than the corresponding ele-
ments of J(\.). Therefore, in regions distant from the fluid
entrance

T, = A T(W) T/’ (W) (38)

Equation (38) is the finite stage analog of Equation (14)
for the differential model. Both equations show that the
temperature profiles are similar in regions distant from
the bed entrance, and that the temperatures decrease ex-
ponentially with axial distance. Here, 1, is a decreasing
exponential function of i because A, is a positive number
less than unity (from the second property of A).

The radially averaged temperature, as discussed above,
is the simple average of the radially averaged tempera-
ture of the conjugate models. Both averaging operations
may be accomplished simultaneously by a row vector V
which weights the temperature in each radial stage j in
proportion to the volume of that stage. This averaging
vector is

V_l[l 4 8 4j—4
T2l e T oM
4AM —4 2M — 1
[ ey
M Ml

The factor —;— reflects the model averaging. The sum of

the elements of V is, of course, unity. The radially aver-
aged temperature at row i is

Ti = VT, (40)

Thus in the region of similar profiles, the radial average
obtained from Equations (38) and (39) is

Ti = MVI) T/ (M) (41)
This averaging operation is the analog of the radial aver-
age performed by integration, Equation (15), in the dif-
ferential representation.

The temperature of the fluid in the wall stages, neces-
sary for the determination of the expression for H, from
Equation (4), cannot easily be extracted from Equation
(38). It can be readily obtained, however, from a total
heat balance on row i. A total heat balance on row i fol-
lows from the appropriate addition of the original heat
balances for each stage on row i, Equations (26), (27),
(28) and (29). In terms of the radially averaged tem-
peratures, this total heat balance is

. . 4
Ti_l - Tc = -Z\ZHeTwi (42)

where T.: is the temperature of the fluid in the wall
stages at row i

1
Tw: = ? [Tul + T’i.ll+1] (43)
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Then by Equation (4), the effective coeflicient H. is
given by . _ B
Hi= M(T.s— T.)/(4T.) (44)

Thus, in the region of similar profiles, Equations (44)
and (41) give
H, = M(1—X\)/(4\) (45)

This equation expresses H, as an explicit function of H.,
and M. It is the finite stage analog of Equation (16).

Thus, the effective heat transfer coefficient H, for each
model is a function of the dominant root of an equation
characteristic of the heat balance for that model. This
characteristic equation for the differential model is a
transcendental equation [Equation (12)], and for the
finite stage model it is a polynomial equation of degree
M+ 1

A — | = 0 (486)

For the differential model, the dominant root B, is a func-
tion of one parameter only, Bi; but for the finite stage
model, the dominant root \, is a function of two param-
eters, H, and M, and M takes on only integer values. The
root A, of polynomial equation (46) can be found numeri-
cally by standard methods; however, because ), is usually
very close to unity, special care must be taken to find the
difference between 1 and \, accurately. Suitable numeri-
cal methods are discussed in Appendix A.t

The effective bed resistance may be calculated as be-
fore from Equation (3):

4 M(M, H,) 1

M H,
This is the finite stage analog of Equation (21) for the
differential model.

Figure 6 shows R, determined from Equation (47), as
a function of M and H.. Although this graph of bed re-
sistance has meaning only for integer values of M, con-
tinuous curves have been drawn through these points for
clarity of presentation.

The bed resistances shown in this figure for the finite
stage model resemble those of the differential model,
shown in Figure 3. Quantitative comparison of the bed re-
sistances of the two models, however, only leads to an
estimate of the radial Peclet number of the finite stage
model. This Peclet number for the finite stage model is
around 8, but depends on just how it is defined (6, 7).

An analysis of the finite stage model for the case in
which the heat flux at the wall is constant along the length

+ See footnote on page 1015.
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Fig. 6. The bed resistance R of the tinite stage model as a function
of M for selected values of Hg.
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of the tube reveals that the bed resistance in this case
is identical to the curve shown in Figure 6 for H, = 0.
This is directly analogous to the situation shown earlier
for the differential model. For the finite stage model, how-
ever, the shape of the radial temperature profiles has not
been determined.

Because the bed resistances of the finite stage model
are also only slightly dependent upon H,, the bed re-
sistance can be satisfactorily replaced with an approximate
bed resistance R*. The best choice for R*, or the choice
of R* which yields the lowest maximum value of the error
7 defined in Equation (23), was determined by an analy-
sis similar to that of the differential model. The details of
this analysis are presented in Appendix B.t The best
choice for R* for the finite stage model is shown in Figure
6. This bed resistance is fitted (with an error in R* of
less than 0.29% for M > 4) by the line

R* =1.304 M — 2.734 (48)
With this bed resistance the maximum value of the error
7 is 6.89%.

CONCLUSIONS

For both the differential and the finite stage models,
the local effective heat transfer coefficient in regions of
similar temperature profiles is a simple function of a single
dominant root of an equation characteristic of the heat
balances of each model. Numerical values of this coeffi-
cient can therefore be determined by well-known methods
of root finding.

A thermal resistance of the bed is defined as the dif-
ference between the total radial thermal resistance (the
inverse of the effective coefficient) and the thermal re-
sistance at the wall (the inverse of the wall heat transfer
coefficient). For both models, this bed resistance is ap-
proximately a linear function of the bed diameter M and
is not very sensitive to the wall heat transfer coefficient.

For each model an approximate bed resistance is found
that is independent of the wall heat transfer coefficient
and that can be used to estimate the total radial thermal
resistance of the bed with an error of less than 79%. This
approximate bed resistance is a linear function of M for
each model.

The results of this study support the use of an effective
local heat transfer coefficient of a packed bed in which
the total radial thermal resistance of the bed is equal
to the sum of a wall resistance and a bed resistance which
depends only upon the properties of the fluid and the
packing. This effective heat transfer coefficient can be
used in one-dimensional representations of packed beds.
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NOTATION

A = matrix of coefficients of finite difference equa-
tions, defined by Equation (32)

Bi = Biot number, see Equation (13)
c = circumference of tube

¢, = heat capacity of the fluid

D, = tube diameter

t See footnote on page 1015
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particle diameter

mass flow rate per unit cross-sectional void area
H,H,= dimensionless heat transfer coefficients, h./Gc,
and h./Ge,, respectively .

S
o

h. = effective wall heat transfer coefficient defined by
Equation (1)

h, = heat transfer coefficient at the tube wall, as used
in Equation (2)

I = the identity matrix

ij = indices indicating row and column number, re-
spectively. i is a discrete form of x, and j is a
discrete form of 2r

J.,J. = Bessel functions of the first kind of order zero and
one, respectively

J(&) = —@(x)[A— M]", the adjoint matrix of [A — )]

k. k, = axial and radial effective thermal conductivities

number of particles across tube diameter D./d,.
M has only integer values in the finite stage
model ‘

Pe,,Pe, = axial and radial Peclet numbers, d,Gc,/k. and
d,Gc,/k., respectively

effective one-dimensional bed resistance defined
by Equation (5)

an approximation to R

dimensionless radial position measured from tube
axis in terms of d,

normalized fluid temperature

normalized radially averaged temperature
normalized temperature of fluid entering bed
normalized temperature of the fluid nearest the
wall of the tube

temperature vector defined by Equation (33)
row vector defined by Equation (39) which
radially averages temperature in the finite stage
model

= dimensionless axial position measured from bed
entrance in terms of d,
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B. == root of Equation (12)

B = smallest positive root of Equation (12)

B’ = 5.783186 . . ., the square of the smallest positive
root of Jo(B) =0

local rate of heat transfer through tube wall; 8¢
is infinitesimal in differential model and is the
finite flow through the tube wall of cne wall
stage in the finite stage model

error defined in Equation (23)

fluid temperature

temperature of medium external to tube
radially averaged fluid temperature
temperature of fluid entering bed

argument of ¢()\), the characteristic polynomial
of A

a root of @(A) = 0

largest positive root of ¢ (A) = 0

dp()) /d) evaluated at A = ),

|A — |, the characteristic polynomial of A
negative root of the quadratic equation given
with Equation (11)

negative root associated with B,
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Direct Contact Heat Transfer with Change

OF Phase: Condensation of Single Vapor Bubbles in an Immiscible

Liquid Medium. Preliminary Studies

SAMUEL SIDEMAN and GIDEON HIRSCH

Technion, Israel Institute of Technology, Haifa, Israel

Motion picture studies of condensation of isopentane bubbles rising in water elucidate the

transfer mechanism involved in latent heat transport.

In general, two characteristic regions are noted. In the first region, up to some 80%
liquid content, the bubbles deform and oscillate and heat is transferred by turbulent con-
vection. In the second region the rate of transfer is controlied by the resistance of the condensed
liquid, and heat is mainly by conduction. The effect of temperature differences between the
bubble and the continuous phase (up to 3.5°C.) on the transfer coefficients could not be isolated,

whereas that of the initial diameter of the bubble was quite marked.

The results are in agreement with those obtained in earlier studies of evaporating drops
in immiscible liquids, indicating the similarity of the basic heat transfer mechanisms.

Condensation of vapors in immiscible liquid media as
a means of latent heat transport has recently gained im-
portance in connection with water desalination projects.
This operation is usually coupled with an earlier stage of
direct-contact evaporation, the two operations in series
forming a closed thermodynamic cycle. In essence, this
cycle is similar to the standard refrigeration cycles, with
the important omission of the metallic heat transfer sur-
face between the phases. The temperature level, as well
as the fluid used as the dispersed phase, may, however,
vary according to whether water vapor or ice is the (in-
termediate) product required. The advantages of this
mode of operation over conventional heat transfer tech-
niques are summarized in our earlier work on direct-
contact evaporation (I, 2).

Previous work (3 to 6) on condensation of vapors in
immiscible liquid was aimed mainly at obtaining volumetric

Samuel Sideman is on sabbatical leave at Oklahoma State University,
Stillwater, Oklahoma. Gideon Hirsch is with the Israel Atomic Energy
Commission, Demona, Israel.
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transfer coeficients in packed columns, in cocurrent pipe
flow, and in simulated spray columns. Condensation of
isobutane in an ice-packed column was reported by Wie-
gandt (3). Heat transfer coefficients per column cross
section were reported to vary from 5,000 to 3,300 keal./
(hr.) (°C.) (sq. meter) with a temperature difference
from 1° to 3°C. Condensation studies in water-ice slurries
in a 2-in. column indicated that condensation rates in-
creased with increasing ice content in the slurry. With
butane feed of 1.24 Ib./sq.ft. (column cross section) and
an average temperature difference of 3°C., the overall
heat transfer coefficient was reported as approximately
10,000 keal./ (hr.) (°C.) (sq. meter).

Condensation of steam in Aroclor in countercurrent
packed beds and in cocurrent flow in a pipe using a
Venturi as a mixing device was reported by Wilke (4)
and Lackey (5). For the packed-bed column experimen-
tal H-T.U. (height of transfer unit, liquid controlling
resistance) varied between about 25 and 50 cm. for
Aroclor flow rates of about 7.5 X 10* to 15 X 10* kg./
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